In a recent work, [Phys. Rev. D. 94, 104010 (2016)], hereafter Paper I, we have numerically studied different prescriptions for the dynamics of a spinning particle in circular motion around a Schwarzschild black hole. In the present work, we continue this line of investigation to the rotating Kerr black hole. We consider the Mathisson-Papapetrou formalism under three different spin-supplementary-conditions (SSC), the Tulczyjew SSC, the Pirani SSC and the Ohashi-KyrianSemerak SSC, and analyze the different circular dynamics in terms of the ISCO shifts and the frequency parameter x ≡ (M Ω) 2/3 , where Ω is the orbital frequency and M is the Kerr black hole mass. Then, we solve numerically the inhomogeneous (2 + 1)D Teukolsky equation to contrast the asymptotic gravitational wave fluxes for the three cases. Our central observation made in Paper I for the Schwarzschild limit is found to hold true for the Kerr background: the three SSCs reduce to the same circular dynamics and the same radiation fluxes for small frequency parameters but differences arise as x grows close to the ISCO. For a positive Kerr parameter a = 0.9 the energy fluxes mutually agree with each other within a 0.2% uncertainty up to x < 0.14, while for a = −0.9 this level of agreement is preserved up to x < 0.1. For large frequencies (x 0.1), however, the spin coupling of the Kerr black hole and the spinning body results in significant differences of the circular orbit parameters and the fluxes, especially for the a = −0.9 case. Instead, in the study of ISCO the negative Kerr parameter a = −0.9 results in less discrepancies in comparison with the positive Kerr parameter a = 0.9. As a side result, we mention that, apart from the Tulczyew SSC, ISCOs could not be found over the full range of spins: For a = 0.9, for the Ohashi-Kyrian-Semerak SSC ISCOs could be found only for σ < 0.25, while for the Pirani SSC ISCOs could be found only for −0.68 < σ < 0.64. For a = −0.9, for the Ohashi-Kyrian-Semerak SSC ISCOs could be found for σ < 0.721. 
I. INTRODUCTION
The Mathisson-Papapetrou equations (MP) [1, 2] in the pole-dipole approximation describe the motion of a spinning test-body in a curved spacetime, once the centroid of the body is decided. A centroid is a single reference point inside the body, with respect to which the spin is measured, and it is fixed by applying a spin supplementary condition (SSC). The worldline of the centroid represents the worldline of the extended test-body. From this point of view, the dynamics of the extended test-body is reduced to the dynamics of a point, and, therefore, the test-body is often called a test-particle.
There are different SSCs (see, e.g., [3] for a recent review) and each SSC defines a different centroid for the body. Thus, one test-body can have different test particle descriptions. One would expect that the different descriptions should be equivalent. Indeed, the radius in which different centroids have to lie in order to describe the same physical body is equal to S/µ [4] , where S is the measure of the spin and µ is the mass of the spinning body. This radius is known as the Möler radius. Moreover, in [5] it was shown how to describe the same body with two different SSCs. Namely, this is done by shifting from the centroid of one SSC to the centroid defined by another SSC, and by performing certain transformations of the spin. Thus, if after such a shift the new centroid lies inside Möler radius, then the two centroids should describe the same body. Having these facts in mind, one would expect that a SSC just expresses a gauge freedom. While this intuition holds true for flat space, the issue gets more complicated on a curved background. Namely, it has been shown that worldlines that start as equivalent descriptions of the same body will diverge in such a way that after a while they cannot describe the same body anymore [5] . This implies that in the pole-dipole approximation a SSC is not exactly a gauge freedom, or equivalently, it implies that the poledipole approximation fails in describing the dynamics of an extended body. In fact, if one takes all the multipoles of the body into account, then a SSC should be considered just a gauge [6] . However, when truncating the multipole expansion at a certain order (in our case dipole), the relations between the different SSCs can become more complex than just a gauge transformation, which motivates our study of their implications on the dynamics and gravitational wave emission.
In Paper I, we have studied three different SSCs by analyzing their effects on the dynamics of a spinning particle in circular equatorial orbits (CEOs) around a Schwarzschild black hole. In particular, we have compared quantities that should be invariant under gauge transformations, like e.g. the ISCO, the orbital frequency and the gravitational wave fluxes emitted to infinity. In the present work we expand our investigations to the Kerr background and again examine CEOs as obtained with three different SSCs, i.e. we consider the i) MP with the Tulczyew (T) SSC [7] , ii) MP with the Pirani (P) SSC [8] , iii) MP with the Ohashi-Kyrian-Semerak (OKS) SSC [5, 9] .
As in Paper I, we do not claim to consider the same extended test-body, when comparing the prescriptions i), ii) and iii) because we do not follow the mentioned procedure of centroid-shifting and spin-transforming explained in [5] . Instead, for each SSC we independently solve the equations of motion such that circular orbits are obtained and subsequently compare the dynamics and gravitational waves over some parameter like the particle spin or the orbital frequency. One of the reasons for this choice is that, given a circular orbit within one SSC, if one shifts the worldline in order to align with the centroid of another SSC, the obtained new worldline is not in general a CEO anymore. For example, if for the T SSC the worldline of the centroid is a CEO, then, after shifting the wordline to the P SSC centroid, the new centroid will most probably follow a helical motion [10] superposed on the averaged circular motion. The rest of the article is organized as follows. The theoretical foundations of the MP formalism and the procedures to find circular orbits are kept at a minimal extent here since the respective discussions in Paper I were already presented in a general form valid for the Kerr spacetime. Thus, Sec. II only provides the most essential elements of the MP dynamics, in order to allow a more convenient reading, and presents the numerical findings for CEOs. The results for the ISCO shifts are discussed in Sec. III. The asymptotic gravitational wave fluxes are analyzed in Sec. IV. Finally, Sec. V summarizes the main findings of this work.
Units and notation: We keep all the conventions used in Paper I. Here we just briefly mention the most elementary ones. Geometric units are employed throughout the work, i.e. G = c = 1. The Riemann tensor is defined as R
, where the Christoffel symbols Γ α βγ are computed from the metric g αβ with signature (−, +, +, +). Greek letters denote the indices corresponding to spacetime (running from 0 to 3). µνρσ = √ −g˜ µνρσ denotes the Levi-Civita tensor with the Levi-Civita symbol set to be˜ 0123 = 1; g is the determinant of the metric tensor. In practice, we work numerically always with dimensionless quantities. Namely, by setting the black hole mass M = 1, some dimensionful/dimensionless quantities become equivalent, e.g. the Kerr spin parameter a = ±| S 1 |/M , where S 1 is the spin angular momentum, and its dimensionless versionâ = a/M , as well as the radiusr = r/M . Furthermore, setting the test-body mass µ = 1 (or m = 1 for the P SSC) the spin parameter
can be used interchangably with S.
II. MATHISSON-PAPAPETROU DYNAMICS
This section briefly reviews the MP equations and the characteristic features of CEOs.
A. Equations of motion
The MP equations describe the evolution of a spinning particle's four momentum and its spin-tensor. In their revised form [11] , they read
where D/dλ denotes the covariant derivative along the four-velocity v ν , since we choose λ to be the proper time, i.e. v ν v ν = −1. By contracting Eq. (2b) with the fourvelocity, one gets
which shows that the four-momentum p ν is in general not parallel to v ν , since the hidden momentum
is in general non-zero. If the hidden momentum was zero, then the spin tensor S µν would be just parallel transported along the worldline, i.e.
The scalar m ≡ −v ν p ν defines the mass with respect to the four-velocity, while the scalar µ ≡ √ −p ν p ν defines the mass with respect to the four-momentum. While we have these two ways to define a mass for the particle, the spin's measure is defined uniquely by
Until this point we have not defined the centroid, i.e. the center of the mass, whose evolution in time forms the body's worldline. To define a centroid, we choose an observer represented by a future-pointing time-like vector V µ , for which it holds that
Condition (7) is the general form of a SSC. Moreover, without loss of generality we can choose V µ to be the four-velocity of some time-like observer such that
In particular, for the P SSC V ν = v µ , for the T SSC V µ = p µ /µ, while for the OKS SSC V µ is chosen such that p µ hidden = 0. Once a SSC is imposed, it is possible to introduce a spin four-vector
whose inversion reads
For a stationary and axisymmetric spacetime with a reflection symmetry along the equatorial plane (SAR spacetime), like the Kerr spacetime, we have two conserved quantities
where t is the coordinate time, and φ the azimuthal angle of a coordinate system, in practice Boyer-Lindquist coordinates, adapted to the symmetries. E represents the energy and J z represents the component of the total angular momentum along the symmetry axis z of the spacetime. The above two integrals are independent of the SSC, whereas the masses m, µ and the measure of the spin S in general depend on the SSC. For the three SSCs considered in this work the spin measure S is a conserved quantity, while the mass m is not a constant of motion only for the T SSC and µ is not a constant of motion only for the P SSC. When one ignores the spin of the test-body, and confines oneself to the geodesic approximation, then for the Kerr background there is another conserved quantity [12] called Carter constant. This constant appears to be a unique characteristic of the Kerr spacetime [13] . For the MP a Carter-like constant has been found only in the linear-in-spin approximation of the T SSC [14, 15] . But, for a linear in spin Hamiltonian formulation introduced in [16] this appears not to be the case [17] . Thus, the conservation of the Carter-like quantities is an open question for the MP equations.
B.
Circular equatorial orbits (CEOs)
In Sec. 2 B of Paper I, we have already given a detailed description of the procedures that we use to find CEOs and ISCOs for a spinning particle for the three SSCs. The formulas were stated in a form valid for any SAR spacetime so they can also be applied to the present Kerr case and are therefore omitted here.
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We only recall that, for a given pair of (r, S), a spinning particle CEO is uniquely characterized by the four quan-
We have computed these quantities for a set of (r, S) and forâ = ±0.9. The results are presented in Tabs. III-VI. Looking at these tables, we see that at large orbital radii r the discrepancies between the SSCs are small to nonexistent, at least for the number of digits given here. As expected, the discrepancies grow when we approach the central Kerr BH and the curvature increases, because the differences between the described test-particles, that are entailed by different choices of the SSC, become relevant through the spin-curvature coupling. We note that, at a given radius, the discrepancies are smaller forâ = 0.9 than forâ = −0.9. This can be connected to the results on the shift of the ISCO to smaller radii forâ > 0, i.e. r ISCO (â = +0.9) < r ISCO (â = −0.9), see next section and cf. Tabs. I-II.
III. ISCO
The position of the ISCO is of importance, since it provides a notion of the regime where most of the orbits are stable. Moreover, the ISCO is a gauge independent notion in the sense that an orbit cannot be stable for one observer, but unstable for another one. Moreover, to provide a fully gauge invariant discussion one can dump 1 In appendix A we provide two formulas that were presented in [18] the orbital radius as the central parameter by arguing in terms of the orbital frequency parameter as measured by an observer at infinity. We therefore prefer to work with
where Ω is the orbital frequency. Note though that the spin σ remains in a sense gauge dependent (SSC dependent), as argued at the end of this section. For the comparison we have chosen relatively large values of the Kerr parameter,â = ±0.9, in order to make the impact on the position of the ISCO prominent. To argue quantitatively, we also compute the relative differences
of the ISCO frequency parameter of a SSC with respect to the ISCO frequency parameter of the T SSC.
Both Figs. 1, 2 show how the three SSCs converge to the same ISCO frequency as the geodesic limit σ → 0 is approached. Actually, the bottom panel of Fig. 1 a  = -0. shows that forâ = 0.9, the relative differences are ∆x ISCO < 0.5% in the range |σ| < 0.2 for both the P and the OKS SSC, while the bottom panel of Fig. 2 shows that forâ = −0.9, the relative differences are below ∆x ISCO < 0.5% for all spins up to σ < 0.4. For a = 0.9 Fig. 1 illustrates how drastically the SSCs diverge as large values of |σ| are reached. For the P SSC (long dashes) our numerical procedures could only find ISCOs in the spin range −0.68 < σ < 0.62, while for the OKS SSC (short dashes) the ISCO computations fail for spins σ > 0.25. The abrupt changes in the inclinations of the P and OKS SSC curves indicate that either there are no ISCOs outside the stated ranges of σ, or that we reach a cusp after which our computational approach fails to find ISCOs. This failure was also present for the Schwarzschild case, see discussion Sec. IV B in Paper I. On the other hand, forâ = −0.9 all the discrepancies are mild as long as σ < 0.4 ( Fig. 2) and only for the OKS SSC (short dashes) there appears to be no ISCO when σ > 0.721. It is worthy mentioning that only for the T SSC we could find ISCOs for all the range of σ. One could take the view that the discrepancies we see in Figs. 1, 2 come from the fact that the different dynamics are not describing the same physical body, since the transformation laws for translating from one centroid to another centroid [5, 10] have not been applied. However, one should keep in mind that if these transformation laws were applied then from a circular orbit we would likely obtain a non-circular orbit, since not only the spin σ would change but also the position of the centroid. Thus, if for one centroid the worldline is on the ISCO, for the other centroid it is not. In order to understand what is going on, one has to recall that we are trying to describe an extended body in its pole-dipole approximation, i.e. only by its mass and spin. In general, however, an extended body has an infinite number of multipoles that are consciously neglected in our approach. Since even the quadrupole terms are neglected, the body is implicitly assumed to be free of tidal deformations. Thus, two points of the same physical body lying at different radial distances cannot even tidally react to the gradients of the gravitational field. This is the reason why the SSCs can be interpreted as a gauge transformation for the poledipole approximation in a flat spacetime, but in a curved spacetime, if one starts from two centroids describing the same physical body, after a while the worldlines can get outside the body's worldtube [5, 10] . In a few words, the discrepancies between the SSCs in a curved spacetime result from the fact that we try to describe an extended body by its two first multipoles.
IV. ASYMPTOTIC GRAVITATIONAL WAVE FLUXES
Let us now analyze the differences implicated by different SSCs from another perspective, namely by comparing the fluxes of energy that are emitted to infinity in the form of gravitational waves as the spinning-particle moves along the CEOs.
The waves have been calculated by feeding the dynamical quantities of Tabs. III-VI to the Teukode. This code solves the Teukolsky equation (TE) [19, 20] for a given particle perturbation of the Kerr spacetime in the time-domain, using a (2+1)D form and hyperboloidal slices [21] [22] [23] [24] [25] . More details on the numerical methods employed in the Teukode can be found in [26] [27] [28] [29] , as well as comparisons against independent literature results [ [30] [31] [32] [33] [34] [35] [36] . The particular numerical setup, including resolution and convergence rates, that was used for the experiments of this work is described in Sec.V A of Paper I. We only recall that we estimate our flux results to have a relative numerical accuracy of 0.2%. We have considered CEOs at BL-radii in the setr ∈ {4, 5, 6, 8, 10, 12, 20, 30} and for four particle spins σ = ±0.5, ±0.9.
It is convenient to decompose the GW fluxes in terms of a spin-weighted spherical harmonic basis
where F m and F m are defined to contain both the m and −m contributions (both are equivalent for GWs from a particle on a CEO). Our waveform algorithm directly provides the fluxes F m with all -contributions included. Following standard practice in the discussion of fluxes, we normalize them according tô We have computed the fluxes for the three dominant multipoles m = 1, 2, 3, having in mind to provide a reasonable approximation of the full flux. The results for F m≤3 are plotted as functions of the frequency parameter x for each SSC in Fig. 3 . To back a quantitative comparison, the corresponding relative differences of the P and OKS SSC fluxes with respect to the T SSC flux are shown in Fig. 4 . The data used for the plots is given in Tab. VII.
The main observation conveyed in Fig. 3 is that the discrepancies in the fluxes between the three SSCs are small over the whole considered parameter range and tend to vanish at large orbital distances, i.e. at small frequencies x → 0. This was the central conclusion made in Paper I for the Schwarzschild case and we can now prove that it holds for the Kerr case as well. While the panels in Fig. 3 only visually indicate a remarkable agreement of all fluxes, the relative differences shown in the panels in Fig. 4 prove that at small x the different SSCs in fact result in equivalent test-particle descriptions with respect to the gravitational fluxes, at least within our numerical accuracy limits of 0.2% (horizontal gray line). The differences remain below this limit even up to radii as small 
FIG. 4.
Relative differences in the full GW flux, approximated as the sum over the m = 1, 2, 3 modes, using the P SSC (green, dotted), and the OKS SSC (red, dash-dotted) with respect to the T SSC reference case. The left panel presents theâ = 0.9 case, while the right theâ = −0.9 case. We consider the two dimensionless particle spins σ = −0.9 (downward triangles) and σ = 0.9 (upward triangles). The gray horizontal lines at 0.2% mark our estimated relative numerical accuracy.
as r 8M forâ = 0.9 and r 10M forâ = −0.9. In fact, looking closer at the left panel of Fig. 4 , the discrepancies between the T and the P SSC (green dotted lines) are below the estimated numerical accuracy over the whole range of the frequency parameter forâ = 0.9. The discrepancies between the T and the OKS SSC grow beyond the numerical accuracy threshold for x > 0.14. On the other hand, the right panel of Fig. 4 shows that forâ = −0.9 this threshold is reached already at x ≈ 0.1 for the relative differences between the T and the OKS SSC (red dash-dotted), and at x ≈ 0.14 for the relative differences between the T and the P SSC (green dotted). Overall, we conclude that the T and the P SSC are almost indistinguishable for most of the considered cases. As expected, the differences grow as the central object is approached. We note that at a given frequency these discrepancies are smaller for theâ = 0.9 case than for theâ = −0.9 case. These observations are compliant with our analysis of the orbital parameters as discussed earlier (Tabs. III-VI).
V. CONCLUSIONS
In this article circular equatorial orbits of a spinning test-body on a Kerr background have been studied nu-merically and their asymptotic gravitational wave fluxes have been computed for three SSCs, i.e. i) MP with the T SSC, ii) MP with the P SSC, iii) MP with the OKS SSC. For the P SSC and the OKS SSC this is the first time that CEOs and ISCOs, as well as gravitational fluxes, have been calculated on a Kerr background.
Summarizing our analyses in just one sentence, we have found that the influence of the SSC on the orbital dynamics as well as the fluxes is negligible for small orbital frequency parameters, i.e. for large orbital distances. Significant discrepancies arise when the orbital frequencies are big. Thus, the central conclusion made in Paper I for the Schwarzschild background is proved true for the Kerr background. Moreover, at a given frequency these discrepancies for CEO parameters and fluxes tend to be milder for positive Kerr parameters than for negative Kerr parameters. Contrarily, when looking at ISCO shifts, the picture is inversed, i.e. forâ = −0.9 the discrepancies between the different descriptions are generally smaller than forâ = +0.9. We assume that this behavior can be explained by the fact that ISCOs for a = +0.9 lie at smaller radial distances (r < 3.5) than forâ = −0.9 (r > 6), i.e. ISCOs forâ = +0.9 lie in a gravitationally stronger regime than forâ = −0.9. Comparison of the dynamical quantities Ω and v t obtained within the MP formalism for circular, equatorial orbits of a spinning particle around a Kerr BH withâ = 0.9 for three different SSCs: i) T SSC, ii) P SSC, iii) OKS SSC. The different cases are indicated as subscripts in the respective quantities. The values are normalized by setting µ = M = 1. Note that v φ can be computed from the given quantities. Comparison of the full energy fluxes, approximated as the sum over the m = 1, 2, 3 modes containing allcontributions, produced by a spinning particle in circular motion around a spinning black-hole withâ = −0.9 (left table) and a = +0.9 (right table) . The values for the energy fluxes have to be understood as normalized by the leading order Newtonian flux. The table compares the fluxes at several Boyer-Lindquist radii r, for the four particle spins σ = ±0.9 ± 0.5, and for three different circular dynamics: i) MP with the T SSC, ii) MP with the P SSC, iii) MP with the OKS SSC. We use the Tulczyjew case as the reference when computing the respective differences shown in the ∆[%] columns. In case the relative differences fall below the level of 0.001% we do just write < 0.001% to avoid citing more digits. If a certain combination was not simulated we write a backslash /. The T SSC results for r = 30M were obtained at higher resolutions than all the other cases, see discussion in Sec.VA of Paper I, which is why the relative differences are not consistent and thus shown in brackets. The main observation is that the relative differences between the respective fluxes vanish as the orbital distance grows. At r = 20M the energy fluxes from all dynamics agree in all measured cases up to 0.01% or better. a = −0.90
